Abstract. Let A be a positive bounded operator on a Hilbert space H, ·, · . The semi-inner product x, y A := Ax, y , x, y ∈ H induces a semi-norm · A on H. Let T A and w A (T ) denote the A-operator semi-norm and the A-numerical radius of an operator T in semi-Hilbertian space H, · A , respectively. In this paper, we prove the following characterization of w A (T )
For T ∈ B(H), an operator R ∈ B(H) is called an A-adjoint of T if for every x, y ∈ H, we have T x, y A = x, Ry A , i.e., AR = T * A. The existence of an A-adjoint operator is not guaranteed. In fact, an operator T ∈ B(H) may admit none, one or many A-adjoints. The set of all operators which admit A-adjoints is denoted by B A (H). Note that B A (H) is a subalgebra of B(H) which is neither closed nor dense in B(H). Moreover, the following inclusions B A (H) ⊆ B
A (H) ⊆ B(H) hold with equality if A is injective and has a closed range.
If T ∈ B A (H), the reduced solution of the equation AX = T * A is a distinguished A-adjoint operator of T , which is denoted by T ♯ A ; see [25] . Note that, 
A .
Furthermore, if T, S ∈ B A (H), then (T S)
♯ A = S ♯ A T ♯ A , T S A ≤ T A S A and T x A ≤ T A x A for all x ∈ H.
For proofs and more facts about this class of operators, we refer the reader to [4, 5] and their references.
In recent years, several results covering some classes of operators on a complex Hilbert space H, ·, · are extended to H, ·, · A (see, e.g., [5, 7, 8, 13, 14, 18, 24, 30, 31, 35] ).
The numerical radius of T ∈ B(H) is defined by
This concept is useful in studying linear operators and has attracted the attention of many authors in the last few decades (e.g., see [11, 17, 22, 26, 36] , and their references).
It is well known that w(·) defines a norm on B(H) such that for all T ∈ B(H),
The inequalities in (1.1) are sharp. The first inequality becomes an equality if T 2 = 0. The second inequality becomes an equality if T is normal.
For more material about the numerical radius and other results on numerical radius inequality, see, e.g., [12, 17, 22, 23] , and the references therein.
Some interesting numerical radius inequalities improving inequalities (1.1) have been obtained by several mathematicians (see, e.g., [1, 2, 10, 16, 21, 23, 32, 33] ).
Motivated by theoretical study and applications, there have been many generalizations of the numerical radius (e.g., see [3, 6, 9, 15, 17, 19, 20, 26, 27, 28, 29, 34] ). One of these generalizations is the A-numerical radius of an operator T ∈ B(H) defined by
In Section 3, some upper bounds for the A-numerical radius of products of semi-Hilbertian space operators are given. In particular, for T, S ∈ B A (H) we show that
In the last section we present some upper bounds for the A-numerical radius of commutators and anticommutators of semi-Hilbertian space operators. Particularly, for T, S ∈ B A (H) we prove that
Our results generalize recent numerical radius inequalities of bounded linear operators due to Kittaneh et al. [1, 2, 12, 22, 23, 33] .
Upper and lower bounds of the A-numerical radius of operators
We start our work with the following lemmas. To establish the first lemma we use some ideas of [17, .
Proof. Let x ∈ H with x A = 1. By the Cauchy-Schwarz inequality, we have
and hence w A (T ) = sup T x, x A : x ∈ H, x A = 1 ≤ T A . Moreover, since T is an A-selfadjoint operator, for every y, z ∈ H such that y A = z A = 1 we have
Consequently, we deduce
So, we obtain
Now, consider the polar decomposition T y, z A = e iθ T y, z A with θ ∈ R. By replacing z by e iθ z in (2.1), we get T y, z A = Re T y, e iθ z A ≤ w A (T ). From this it follows that T A = sup T y, z A : y, z ∈ H, y A = z A = 1 ≤ w A (T ) and consequently w A (T ) = T A . Remark 2.2. Note that for an arbitrary operator T of B A (H), we have
Taking the supremum in the above inequality over x ∈ H, x A = 1, we deduce the desired inequality.
The second lemma is stated as follows.
Proof. Let θ ∈ R. We have
Hence
is an A-selfadjoint operator. So, by Lemma 2.1 we get
We now state the third lemma, which will be used to prove Theorem 2.5.
From this it follows that e iθ T + (e iθ T )
x, x A = 0 and so
. Therefore, by (2.3), we obtain
From (2.4) and (2.5) it follows that
Now, we are in a position to state a useful characterization of the A-numerical radius for semi-Hilbertian space operators.
Proof. Let θ ∈ R. By Lemma 2.3 it follows that
Therefore, by Lemma 2.4 we conclude that
Here we present one of the main results of this section.
Proof. Let θ ∈ R. Put α = cos θ and β = − sin θ. We have e iθ T + (e iθ T )
and hence, by Theorem 2.5, we obtain
As a consequence of Theorem 2.6, we have the following result.
Proof. By setting (α, β) = (1, 0) and (α, β) = (0, 1) in Theorem 2.6, the result follows.
The following result is another consequence of Theorem 2.6.
On the other hand, by using Corollary 2.7, we get
Remark 2.9. Corollary 2.8 has recently been proved by Baklouti et al. in [8] . Our approach here is different from theirs.
In the following theorem, we give a improvement of the second inequality in (2.6).
and N :=
Now, let x ∈ H with x A = 1. We have
A , by the triangle inequality we obtain
By (2.8) and (2.9) we deduce the desired result.
Next, we present another improvement of the second inequality in (2.6).
Proof. By Theorem 2.5, we have
which proves the desired inequalities.
In the following theorem, we establish an improvement of the first inequality in (2.6).
So, by Theorem 2.5, we obtain
From this it follows that 1 2
Taking the supremum over x ∈ H with x A = 1 in the above inequality we get
Now, by (2.11) and (2.12) we conclude that 1 2
Now, we give another improvement of the first inequality in (2.6).
Theorem 2.13. Let T ∈ B A (H). Then
Proof. Clearly,
. Now, let x ∈ H with x A = 1. Suppose that T x, x A = e iθ T x, x A for some real number θ. Put
. Then M + iN = e iθ T and
It follows from Nx, x A = Im e iθ T x, x A ∈ R that
So, we have
We end this section with a considerable improvement of the first inequality in (2.6).
Theorem 2.14. Let T ∈ B A (H). Then
Proof. Obviously,
Furthermore, by (2.13) we have
and hence
(2.14)
We consider two cases. 
Upper bounds for the A-numerical radius of products of operators
In this section, we derive upper bounds for the A-numerical radius of products of semi-Hilbertian space operators. Since for every T, S ∈ B A (H) we have T S A ≤ T A S A , by the inequalities of (2.6) we obtain
In the following theorems, we improve the inequalities 3.1. To achieve our goal, we need the following lemma.
Therefore, by Theorem 2.5 and (3.2), we obtain
Since w A (R ♯ A ) = w A (R) for every R ∈ B A (H), from (3.3) we obtain
Finally, by replacing S by −iS in (3.4), we reach that
In the next theorem, we give a new upper bound for the A-numerical radius of products of semi-Hilbertian space operators.
Proof. The second inequality follows from Lemma 3.1. It is therefore enough to prove the first inequality. Let θ ∈ R. By Lemma 2.3 we have
Now, by replacing S by −iS in (3.5), we conclude that
By (3.5) and (3.6) we deduce the desired result.
As an immediate consequence of the preceding theorem, we have the following result.
In the following, for R ∈ B A (H), let d A (R) denote the A-numerical radius distance of R from the scalar operators, that is,
Next, we present a improvement of the second inequality in (3.1).
Proof. Using a compactness argument, let ζ 0 ∈ C such that d A (T ) = w A (T +ζ 0 I). If ζ 0 = 0, then by the inequalities of (2.6) we get
Hence, we may assume that ζ 0 = 0. Put ζ =
, from (3.7) and (3.8) it follows that
By a similar argument we have
Now, by (3.9) and (3.10) we obtain the desired inequalities.
We finish this section by another upper bound for the A-numerical radius of products of semi-Hilbertian space operators. . Therefore, we have
Upper bounds for the A-numerical radius of commutators, and anticommutators of operators
In this section, we present some upper bounds for the A-numerical radius of commutators, and anticommutators of semi-Hilbertian space operators. To achieve the first main result in this section, we need the following lemma.
It is therefore enough to prove the first inequality. Let ζ 0 ∈ C such that d A (R) = w A (R + ζ 0 I). If ζ 0 = 0, then by employing Corollary 2.7 we have
. A simple computation together with Corollary 2.7 gives
The following result may be stated as well.
Now, let x ∈ H with x A = 1. By the Cauchy-Schwarz inequality, we have
From (4.1) and Lemma 4.1 it follows that
Similarly,
Hence by (4.2) and (4.3) we deduce the desired result.
As a consequence of Lemma 4.1 and Theorem 4.2, we have the following result.
For the second main result in this section, we need the following lemma that is interesting on its own right. Proof. (i) Let x ∈ H with x A = 1. We have
Now, by taking the supremum over all x ∈ H with x A = 1 we conclude that
(ii) Let x ∈ H with x A = 1. We have
by the arithmetic geometric mean inequality
which, by taking the supremum over x ∈ H, x A = 1, implies that
Finally, we present the following result.
Theorem 4.5. Let T, S ∈ B A (H). Then
Proof. Let θ ∈ R. We have Then, by Theorem 2.5, we get
Finally, by replacing T by iT in (4.4), we obtain
, and the proof is completed.
